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ON A SYSTEM OF LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF 

THE HYPERBOLIC TYPE. 

By T. H. Gbonwall. 

1. It is the purpose of this note to investigate the problem of integrating 
the system 

dUidUi dui dU2 ' 

m _il_ + i^_i^ , 30 = 

^ ' dUidUz dU2 duz ' 

dUzdUi dUi dui ' 

which occurs in the preceding paper.* We begin by showing, by means of 
the Riemann integration method, that a solution B = 6 (mi, u^, Uz) of (1) 
is uniquely determined by its values on the three coordinate axes, viz., 
e (Ml, 0, 0), (9 (0, M2, 0) and 6 (0, 0, Uz). 

2. To integrate an equation 

by the Riemann method, we form the adjoint equation 

and determine a solution 

t = t(^, 71 ; X, y) 
by the initial conditions 

t = e"^ 
(4) 



t = e-^" for 



/ a{x, ri)dr) 

t = e-^" for ^ = x; 

then the solution of (2) which takes the given values z(x, 0) on the x-axis 
and 2(0, y) on the y-axis is uniquely determined, and is given by 

zix, y) = t{x, 0; x, y)z(x, 0) + t(0, y; x, y)z{0, y) - t(0, 0; x, y)ziO, 0) 



* L. P. Eisenhart, Triply conjugate systems with equal point invariants. 
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+ J I a(0, r])t{0, r,; x, y) - ^t{0, v; x, ?/) Jz(0, v)dv- 
3. We now apply this to the first of equations (1) . The adjoint equation 

and the conditions (4) become 

t = e^"' = e"'-"' for v^ = u^, 

f dvi 

t = e "' = e"-"' for Vi = Uu 
Writing t = e"'~''2-e''»~''v, the adjoint equation becomes 



dVidV' 



+ 4^ = 0, 



2 



with the initial conditions <p = 1 ior Vi = Ui and for V2 = u^. With the 
notation 

» / 1\n92n™n 1 

("> «'^)=.?.W+7)T = (^-'-»^-)' 

where J^ is the Bessel function of order v, it is readily shown that 

(7) <p{vx, Vi] Ml, Ui) = /o((mi - fi)(^2 - 2^2)) 

satisfies both the adjoint equation and the initial conditions. From (6) 
and (7) it follows that 

Q-<p(vu 0; Ml, M2) = 4m2/i(m2(mi - vi)), 

— ^(0, V2; Ml, M2) = 4Mi/i(Mi(M2 - ^2)), 

and (5) gives 

6i(mi, M2, M3) = e-"'d{ui, 0, Ms) + e"'e(0, M2, M3) - e"'-''^/o(MiM2)e(0, 0, M3) 

.„, - e-"' f 'e"'-""-4M2/i(M2(Mi - vi))0{vi, 0, M3)di'i 

yp) Jo 

- e"> e''^"^-4Mi/i(Mi(M2 - V2))e(0, v^, Uz)dv2. 

Jo 
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4. -Since the coefficients in (1) are constant, it follows that ^(0, M2, Uz) 
must satisfy the second, and d(ui, 0, U3) the third of these equations. The 
application of the Riemann method gives, in the same way as before, 

e(0, U2, Us) = e-"»6>(0, Ui, 0) + e"^(0, 0, M3) - e"'-Jo(u2Uz)d{0, 0, 0) 

e"^"'-4M3/i(M3(w2 - «^2))6'(0, V2, 0)dv2 

- e"' f 'e''=-"'-4M2/i(M2(w3 - vs))e(0, 0, v^jdvz 

Jo 

and 

e(ui, 0, M3) = e-"'e{0, 0, 'M3) + e'-^eiui, 0, O) - e"'^»'/o(M3Mi)(?(0, 0, 0) 

(jQ) - e-"- I" 'e"-"^ •4mi/i(mi(w3 - v,))e{0, 0, ?;3)d2^3 

- 6"^ r"'e'"-"'-4M3/i(w3(-ui - «^i))0(fi, 0, 0)dvi. 

Jd 

Substituting (9) and (10) in (8), we see that d{ui, U2, M3) is uniquely deter- 
mined when e{ui, 0, 0), ^(0, U2, 0) and B{Q, 0, M3) are given. We may 
simplify this solution formally by remarking that, since Oiui, U2, Uz) is a 
linear functional of the initial values, it may be written as the sum of four 
solutions 

(11) = ^0 + ^1+^2 + ^3, 

where dt) is any particular solution such that Oo(0, 0, 0) = 0(0, 0, 0), and the 
initial values of di, 62 and ^3 are given by the following table 

01 02 03 

on Wi-axis 0{ui, 0, 0) —0o{ui, 0, 0) 

" U2- " 0(O,U2,O)-0o(O,U2,O) 

" Ms- " 0(O,O,Uz)-0o{O,O,Uz). 

5. A solution do is readily found by writing 

(12) 00 = 0(0, 0, 0)e^>'"+^='"'+^=''' 

and substituting in (1), we find the following conditions for the constants 
Xi, X2, X3: 

X1X2 + Xi - X2 + 3 = 0, 

X2X3 + X2 - X3 + 3 = 0, 

X3X1 + X3 - Xi + 3 = 0. 
The general solution of these equations is 
no. . _l . _ 1 .+ 3< _ l-_St 

u^) ^1 - r ^2 - i _ 1 ' ''^- t + i ' 
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where t is arbitrary. For instance, making < = ± i Vs and adding the two 
resulting expressions (12), we may write 

00 = 0(0, 0, 0) cos V3(wi + U2 + Us). 

6. Writing d{ui, 0, 0) - 9o(mi, 0, 0) = h(ui) so that h(0) = 0, the solution 
0i(ui, Ui, Uz) has the values h{ui), 0, on the three coordinate axes. Equa- 
tion (9) gives di (0, U2, Uz) = 0, (10) becomes 

0i(ui, 0, Uz) = e"^/i(Mi) - e"= I e'^-"'-4M3/i(«3(Mi - ?;i)/i(ri)dyi, 

Jo 

and substituting in (8), we find 

0i{ui, U2, Uz) = e"^"^ I /i('Wi) - 4«3 r 'e"-'"/i(M3(«i - a^i))/i(!^i)d«'i 
- 4m2 I e'"-'''/i('W2(Mi - 2'i))^(?^i)dfi 

e'"-'"'/i(«2(Mi-Wi))dM>i J e'^-ji(uz(wi-vi))h(vi)dvij . 
Changing the order of integration in the repeated integral, this becomes 

(14) 0i{ui, Ui, Uz) = e"^"" h{ui) + j #(mi - Vi, u^, Uz)h{vi)dvi 
where 

*(mi - vi, Ui, Uz) = IQUiUz I e"~yi(uz{wi - Vi))fi{u2{ui - Wi))dwi 

- ^u^e^'^-Jiiuiiui - Vi)) - 4:Uze''-yiiuz{ui - Vi)) 
or, making Wi = Vi + (ui — Vi)x, 

*(Mi — Vi, Ui, Uz) = l&UiUziUi — Vi) 

(15) X f e-<'"-°''Vi(w3(«i - vi)x)fi(u2{ui - vi){l - x))dx 

Jo 

- 4M2e"'-''/i(«2(Mi - vi)) - Auze'^-J.iuziui - v^)). 

The corresponding expressions for 02 and 0z are found by cyclic permutation 
of the variables. 

7. In some cases, 0i{ui, U2, Uz) may be expressed as a contour integral. 
From (12) and (13) it follows that a solution of (1) is given by 



1 /» Ml l+3( l-St 

(16) 0,(Ui, U2, Uz) = ^ij^^ "^^ "^+^+1 "y(Od«, 



( 
'c 

where the contour C encloses t = 0, but neither t = 1 nor t = — I, and f{t) 
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is holomorphic inside C. For Ui — 0, the integrand is holomorphic inside 
C, so that Oi(0, Ui, U3) = and in particular ^i(0, M2, 0) = ^i(0, 0, U3) = 0. 
For U2 = U3 = 0, we find 

h{u,) = e,{u^, 0, 0) = ^ijf^'mdt. 

Let /(f) = 2!^ c^f converge for ii| < r and deform C into the circle \t\=p<r; 


then 

When 

00 

is given, it follows that c^ = {v -\- 1) !a^+i and 

(17) /«)=!:(»' + l)!a.+ir, 

provided that this series has a radius of convergence greater than zero. 
For instance, when h(u^ = e"» — 1, then/(<) = 1/(1 — <)• 



^+1 
+1)1 ■ 



